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In a preceding note,! hereafter denoted by H. C. I, the equation (1)
Aa = 0a/Ot was discussed, for a an exterior differential form defined on
a closed orientable Riemannian manifold V, of class C’, r > 5, where the
coefficients of « are functions of a parameter . We described the method
of construction of a double p-form J,(x, y, t) called the fundamental solu-
tion of (1). The form J,(x, y, t) is the analog for forms of the temperature
distribution at time ¢ obtained by placing an infinite source with unit
energy at the point y when ¢ = 0. It has the following properties:

1) If Tiao(x) = Sva Jo(x, 3, ae*(y), then Tiao is the solution at

time ¢ of (1) such that lim T,a, = ao. This initial condition uniquely
t—0

determines the solution of (1).

(2) J,isof class C" "% fort> 0.

(B) Jp(x, v, s + t) = Sva Jp(x, 5, 5)J,*(2, , t) where the integration
and * operation are performed with respect to the variable z.
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(4) Jp(x, 9, t) is a solution of (1) for each y and ¢ > 0.

(5) Jpx, 3, ) = T, x, 1)

(6) d:Jp(x, 3, 8) = —8Jppi(x, ¥, 1).

(7) J, — w, approaches zero uniformly as ¢ — 0, where w, is the para-
metrix defined in H. C. I. -

Properties (1) and (2) were proved in H. C. I. Property (3) follows from
(1) and the semigroup property T,., = T,T,. This now implies property
(4). Property (5) follows from the equation (T, 8) = (a, T,8) proved
previously. Property (6) follows from (1) and the equations dT, = T'd,
6T, = T.5. Finally (7) follows from the integral equation satisfied by
J,' = J, — w,, namely,

]p'(x, Y, t) = Jal(Llwp(x» 2, t— T)t wp(z: ¥ T)) dr + ‘/st(Llwp(x’ 2, t— T):
Jt,(z: ¥ T)) d'r’

where the integrations and differentiations are with respect to z and .
To each smooth singular p-chain C? we associate a form

thp = ‘/(:‘v]v(x: Y t)’

where the integration is with fespect to y. The assoeiated form T,C? is
a solution of (1) analogous to the temperature distribution at the time ¢
resulting from a distribution of heat sources on C? and zero temperature
on the rest of the manifold at time ¢ = 0. This mapping of chains into
forms has the following properties:

(@) (a T:.C? = JepTa.

(d) TC? = —8T.,C?.

() T.C?=0 for a fixed ¢t > 0 if and only if C* = 0. We regard two
chains C? and C? as equal if Jopa = Jgpa for all p-forms a of class
C'. For chains in a given non-degenerate complex in V, equality is the
same as identity.

(d) For any fixed ¢ > 0 and any fixed sequence of subdivisions of a
given triangulation of V, such that the mesh approaches zero, the forms
T.C?, where C? ranges over all finite chains formed from simplexes in these
subdivisions, are dense in the Hilbert space H of all forms a whose coeffi-
cients are measurable and such that (a-a*)* is integrable over V,,.

If K is any triangulation of V,, and

C{’ = Eﬂ{/ﬂj’, 1= 1, 2,

where the o7 are the p-simplices of K, the scalar product of chains? is
usually defined by the formula

1P'C2p = Eﬂ‘jazj.

Actuaily; for most purposes, any definition of the form
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GHC? = Z gjkaljazk
ik .
would serve equally well, provided only that the quadratic form guuw'u’
be positive definite. Of course, the coboundary operator in this case
should be taken as the adjoint of the boundary operator. For our purposes
it is convenient to define the scalar preduct of chains by

1"Czp = (Ttoclﬁ, chzp)’ (2)
so that
gn = (T, 0?, Tuoi?).

This has the advantage that the scalar product of chains is invariant
under subdivision of K, and has therefore a direct geometric meaning.
The corresponding norm, ||C?|| = + V/C?-C?, measures not only the
sizes of the coefficients of C? but also, in a sense, its p-dimensional volume.
We note that in (2) the time % > 0 is fixed and can be chosen equal to 1 for
normalization purposes. If C? is different from zero in the sense of (c)
then ||C?| > o.

It follows from (b) that if Z? is a cycle, then 6T, Z? = 0, i.e.,, T, maps
cycles into coclosed forms, and similarly it maps bounding cycles into
coexact forms.

Let K,, K,, ... be a sequence of subdivisions of a given triangulation
of V, with mesh approaching zero. Let B,*, By’ ...form an orthonormal
basis for the linear space of bounding cycles from all K, of the subdivisions
{K.}.

If a is any form in H, its Fourier expansion P(a) = XZ¢,T1B/’, where
¢, = (e, T\B,?), converges in the norm of H. Hence @ = Pa + ¢ where
¢ is orthogonal to T1B? for an arbitrary bounding cycle B?. By a direct
application of Stokes’ theorem we see that T,¢ is closed for all ¢ > 0.
Pa is a limit of coexact forms, hence T',Pa is certainly coclosed. There-
fore if a is coclosed, T,a is also and it follows that T,¢ is also coclosed.
Thus T ;¢ is harmonic for all £ > 0, and consequently ¢ differs from T.¢
(which is independent of ) only on a set of measure 0, and therefore may
be identified, in H, with a harmonic form, and Pa may be regarded as
smooth. If « is an arbitrary form in H, applying the same procedure
to ¢* and then starring the result demonstrates that each form a in H
is expressible as the sum of a harmonic form and two forms in the closures
in H of the exact and coexact forms, respectively.

Noting from the decomposition theorem of DeRham (cf. H. C. 1.) that
there is a decomposition and that it is unique, we find that P« is coexact
if « is continuous, and (P¢*)* is exact. We have thus shown that these
Fourier expansions converge in the mean to continuous exact and coexact
forms. Thus our procedure bridges the gap between finite complexes
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and forms. We note that the coefficients ¢, and hence the chains Z¢,B,”
are uniquely associated with Pa.

Let us apply these results to 7:Z° where Z? is a non-bounding cycle.
Then T3Z? = P(Z?) + ¢ where ¢ is harmonic, and orthogonal to P(Z?).
We have

Szt = JuTio = (TZ%, ¢) = |l¢|2

so that the period of ¢ on Z? will be different from zero if ¢ is not identically
zero. Let Z"~? be an arbitrary n — p-cycle. T,Z""? is a coclosed form
and therefore is orthogonal to T,P(Z?)* since the latter is a limit of exact
forms. Thus

(TZ"7?, ¢*) = (TZ"7*, (T2 = Sz," 7" Sz To(x, y*, 21),

where the subscripts x, y denote the variables with respect to which the
integrations are performed. Using (7) above and examining the resulting
integral as ¢ — 0, we find lim (T,Z"~?, ¢*) is equal to the intersection

t—>0
number of Z"~? and Z?. Since Z? is a non-bounding cycle, there exists a
Z"~? for which this intersection number is different from zero. Hence
¢ #= 0.
Since Hodge has shown that a harmonic form whose periods are zero
must be identically zero, we have:
TueoreM 1. If HC? = lim T,C?, then HC? is always a harmonic form.

t=> 0
If Z,* ..., Zg is a basis of p-cycles linearly independent with respect to
homology in a fixed triangulation of V,, then HZ:, ..., HZg is a linearly
independent basis for all the harmonic p-forms. The period of HZ;? will
be different from zero on the cycle Z?. Here 8 = (7 is the pth Betti Number
of V.

The notion of a heat distribution on a chain is related to the theory of
currents developed by DeRham.®? T, is a smoothing operator which
applies, in fact, to arbitrary currents, and provides a powerful tool for their
investigation. We hope to develop this approach in a later paper.
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